Abstract-The objective of this study was to develop a reducedorder small-signal model of a microgrid system capable of operating in both the grid-tied and the islanded conditions. The nonlinear equations of the proposed system were derived in the dq reference frame and then linearized around stable operating points to construct a small-signal model. The high-order state matrix was then reduced using the singular perturbation technique. The dynamic equations were divided into two groups based on the small-signal model parameters ε. The "slow" states, which dominated the system's dynamics, were preserved, whereas the "fast" states were eliminated.
I. INTRODUCTION
T HE CONCEPT of a microgrid is now well established as a step toward modernizing the nation's electric delivery network to smart-grid using the distributed energy resources (DERs) [1] . Microgrids supply power to local loads with or without the grid support to ensure energy security [2] , [3] . Unlike the conventional synchronous generators, these DERs are inertia-less. From the viewpoint of power systems, use of these inertia-less sources makes the time domain simulations of the distribution system very interesting.
A practical microgrid comprises numerous DER units and loads, with dynamics described by nonlinear differential equations. The model may be linearized around a steady-state operating point and integrated. However, the dynamical models exhibit two-time-scale behavior, which requires small time steps for the fast dynamics and a long simulation time to capture slow dynamics [4] . Fast states usually originate from the moment of inertia, intentionally added inductance and capacitance, and parasitic elements inherent to the system. Including the fast states increases the order of the model unacceptably [5] , but neglecting the effect of small parameters does not guarantee system stability and accurate dc gain. The singular perturbation method treats the fast transients as boundary layers and includes them in the slow states [6] . The singular perturbation method was widely used to develop models for synchronous machines [7] , [8] and induction machines [9] . Some applications of singular perturbation method in model order reduction were discussed in [10] - [14] . Utility distribution grid-tied systems with wind turbines using induction generators were previously modeled using that method [15] . Recently, permanent magnet generators have become more widely used for such applications. As a result, the proposed model is useful for the modern day wind turbine grid-side inverter.
In this study, the proposed microgrid system uses voltage source inverters (VSIs) as DERs. The inverter-based DERs and their controllers are developed in the synchronous reference frame [16] . In the grid-tied mode, the 15th-order mathematical model of the VSI, consisting of the controllers and the LCL filter, is developed to facilitate the dynamical analysis and the eigenvalue studies. However, the time domain analysis of a microgrid system with such numerous DERs, each having 15 states, is still time-consuming and a computational burden. As a result, the necessity of the reduced-order modeling of these grid-tied inverters has never been more obvious.
The reduced-order dc microgrid model presented in [17] is inapplicable to an ac system. In [18] , an ac microgrid was modeled with all the parasitic elements, which made the model difficult for simulation in a multibus system. The proposed reduced-order model in this paper alleviates this problem. A simplified converter with peak current-mode controller was modeled for microgrid application in [19] . The output coupling filter, which is important for harmonics rejection, was ignored in the model. The microgrid model in [20] was used for dynamic stability analysis. The model is unsuitable for a microgrid, which is dominated by the inverter-based DERs. In [21] , reduced-order mathematical model of the ac microgrid was presented based on the droop control gains and the voltage controllers were ignored while reducing the model. Since, a faster inner loop controller is essential for the stable DER operation, the voltage controller cannot be ignored in reduced-order modeling. Also, the model was claimed to be less computational burden for simulation. However, no time comparison data was presented to show the effectiveness of the reduced model. In this study, a time comparison between the full-order model and the reduced-order model of a multibus microgrid is presented.
Related to this work, singular perturbation method was applied in [22] . The inverter model used in that paper excluded the filter capacitors. These filter capacitors are needed to meet the industry standards in terms of the harmonics rejection especially when the inverters are used for system's voltage and frequency regulation. The stability assessment of the reducedorder islanded microgrid using singular perturbation approach was discussed in [23] . The inverter model was overly simplistic and the effect of the filter dynamics was ignored in that paper. This paper overcomes these issues by including all the necessary elements of an industry standard inverter.
Because the proposed islanded system is autonomous, reduction algorithms including the input/output knowledge of the system, such as the one presented in [24] are not applicable. In this paper, an accurate full-order model of the microgrid is developed using all the parasitic components in the system, and then the system's fast and slow states are identified using the small-signal model parameters ε. The model was reduced based on ε to preserve the model accuracy and to get the computational efficiency.
The application of the reduced-order model is suggested for dynamic response analysis during the black-start of the decentralized microgrid. During black-start procedure, the microgrid is first energized using a synchronous generator or a master DER, which sets the voltage and frequency reference for the system. After that, slave DERs are connected to the system oneby-one using the grid-connected controllers before they switch to droop-controlled mode [25] - [28] . The proposed reducedorder model is useful not only for the stability analysis of inverter-based generator emulator in test-bed for power systems [29] but also for transient stability analysis in a microgrid system [30] . Similarly, the wind turbine's grid-side converter could be modeled using the reduced-order models to simulate the impact of wind farm's installations in the utility grid [15] . In addition, the development of common quadratic Lyapunov function becomes easier using the reduced-order state matrices linearized around different operating points. The reduced-order model would be useful to assess the system's stability [31] - [33] . The reduced-order models are also important for evaluating the feasible bounds on state jumps when the microgrid switches from grid-tied to islanded mode, the load perturbation events in an islanded system [34] , or to study the Markov chain models [35] .
II. SYSTEM UNDER CONSIDERATION
A two-bus islanded microgrid system is considered. A singleline diagram of the system is presented in Fig. 1 . In that system, two VSIs with their local loads are connected to the respective buses. Each bus has at least one fixed load and either one or more additional loads that can switch ON or OFF arbitrarily. Each combination of loads has a different nominal operating point and, therefore, a different small-signal model. Static loads comprising resistance and inductances are considered. These buses are coupled with a distribution line that has line impedance Z l . The microgrid is connected to the main power grid through the point of common coupling (PCC).
In a grid-tied microgrid network, the PCC switch is closed. All the bus voltages and the system frequency are maintained by the stiff main grid. As a result, the same model that is developed for a particular grid-tied inverter could be applied to the rest of the inverters in a microgrid system. The gridtied system under consideration is depicted in Fig. 2 . In the islanded mode, the PCC switch is open. The islanded microgrid's voltage and frequency are regulated by the DERs using the droop control strategy. The DER in question consists of a three-phase VSI and the controllers. In a practical system, this DER could be replaced with the renewable energy inverters such as the dc-ac side of the wind firm's power converter or the photovoltaic energy converter. In a typical microgrid system, numerous DERs could be found that supply power to the local loads in coordination with the main grid. To study the dynamics of a microgrid, such large-scale systems are needed to be modeled and analyzed.
III. SMALL-SIGNAL MODEL OF THE GRID-TIED SYSTEM
The DER in Fig. 3 consists of a synchronous reference framebased three-phase inverter with LCL filter connected to the distribution grid at the inverter bus. The inputs to the system are the commanded active and reactive power P * and Q * . The control architecture has an outer power control loop and an inner current control loop. A phase-locked loop (PLL) ensures tracking of the grid voltage's phase. The power control loop compares the commanded active and reactive power to the calculated active and reactive power P and Q. The error signals derived from this comparison are used as an input to proportional-integral (PI) controllers whose outputs are current references i ld * and i ld * . The current controller compares the measured filter inductor currents i ld * and i ld * to the commanded currents and provides commanded output voltages v ld * and v ld * using another set of PI controller. This loop removes the cross-coupling terms caused by the reference frame transformation. Commanded voltages are passed through a qd0 to abc transformation block and then through the space vector modulation (SVPWM) to generate the appropriate switching sequence. The reference frame transformations use a reference phase angle δ calculated by the PLL. The PLL used in the system is a conventional synchronous reference frame PLL, which drives the d-axis voltage component to 0 [36] . By adding a low-pass filter before the PI controller of the PLL, much of the high-frequency ripple in the d-axis voltage is eliminated.
In Appendix B, controllers shown as blocks in Fig. 3 are analyzed and their dynamics are expressed using equations. Although similar controllers were used by different authors in [37] - [39] , the controller dynamic equations are presented here for better clarity and understanding of the two time-scale property of the system.
The proposed system has 15 states that describe the system dynamics
(1) Table I shows the controller gains used, and Table II shows the other parameters needed to linearize the system. The linearized linear time invariant (LTI) system of the form (2) is generated using MATLAB's symbolic math toolboẋ
where the inputs and outputs are defined as
IV. SMALL-SIGNAL MODEL OF THE ISLANDED SYSTEM
A small-signal model of the islanded microgrid was developed by the authors in [40] . The proposed mathematical model was verified against the experimental results using a hardware testbed. For accurate dynamic analysis, the model was developed as a switched linear autonomous system, where TABLE I  CONTROLLER GAINS   TABLE II  SYSTEM PARAMETERS switching from one state matrix to another state matrix was dependent on the load perturbation. Mathematical analysis determined the presence of both slow-and fast-decaying eigenvalues in the system. These slow and fast modes made the system "stiff." The full-order model had 36 states describing the dynamics of the system. Each inverter includes the power hardware and control system depicted in Fig. 4 . This is a standard benchmark that is analyzed more thoroughly using block diagrams in [40] . Details of these blocks are not discussed here to avoid repetitions. The states that are generated from the controller blocks, the LCL filter, the distribution line, and the loads are given in Table III. A set of nonlinear equations is derived in Appendix C using the synchronous reference frame to describe the system's dynamics. The variables used in those equations are given in Fig. 4 and [40] . Nonlinear equations are linearized around stable operating points to generate a set of linear ordinary differential equations. The complete system in Fig. 1 variables, including both physical variables and internal control variables. These states are
The dynamics of the system are verified using a hardware setup by treating it as a switched autonomous system where switching of the state matrices is dependent on the load perturbation. The small-signal mathematical model of the overall system isẋ sys = A pxsys ; p = 1, 2.
(6) V. MODEL ORDER REDUCTION
A. Grid-Tied System
In the singular perturbation approach, the fast states are characterized by the small model parameters ε used as their coefficients. To identify the small model parameters, the dynamic equations are normalized as
The values of the small model parameters are obtained using Tables I and II 
The small model parameters in (8) suggest that the coefficients of [v od,f ,i ldq ,i odq ,v odq ] are much lower in magnitude compared to the coefficients of the rest of the states. This is an evidence of the two-time scale nature of this model. States with these lower order coefficients are the fast states of the proposed system. The slow and the fast states are then divided as
where
Once the states are determined, the elements of matrices in (2) are reordered as in (14a) and (14b). After that, the reduced-order system is obtained by following (18a) and (18b). The reduced model has lower order (8th) when compared to the original 15th-order model. The states associated with the voltage and current measurements in the LCL filter and the state from the PLL filter contributed to the less important dynamics in the system.
B. Islanded System
The normalized dynamic equations for the islanded system are
Based on the values of the controller gains and the system parameters, given in [40] , the fast states are obtained with lower Table IV , states associated with the voltage controllers, current controllers, active-reactive power filters, PLLs and their reference angles contributed to the system's slow dynamics. Remaining states, starting from index 1 through 20, contributed to the fast dynamics. To confirm the identification of the slow and the fast states, system's modes are evaluated and major participant states in those modes are found using participation factor analysis.
Although the system's reference angle, δ 1 , is recorded in a slow state, the small-signal transient response as well as the steady-state response obtained from δ 1 is zero. This state is thus ignored in calculations when the reduced-order system is being developed. In the singular perturbation method, the rate of change of the fast states is set to zero. The fast states are solved in terms of the slow states and then added to the slow dynamics to provide a zero steady-state error.
The steps needed to develop the reduced-order model are discussed below. 
(n−r)×(n−r) . Also, x is the representative of the slow states and z is the representative of the fast states. 5) Perform the following iteration to find the value of L for a linear system composed of two subsystems [41] :
Start with the initial value
22 A 21 and iterate 100 times. This will ensure that the eigenvalues of the reduced-order system are as close as possible to that of the slow eigenvalues of the full-order system. For this system, 100 iterations achieved excellent accuracy with minimal computation time. 6) Transform the system into the following using the slow manifold condition z f = z + Lx:
Perform the following iteration to find the value of M :
Start with the initial value M 0 = A 12 A −1 22 and iterate 100 times as before for L. 8) Decouple the system into slow and fast time-scale using the fast manifold condition
9) The operating points corresponding to the slow states become
10) To get the corrected response x c , add X sΔ to the output of X s , where X sΔ = MLX + MZ. New outputs are similar to that of the dynamics obtained from the slow states of the original system. 11) Predict the fast states using algebraic solutions
12) The reduced-order system is now ready for simulation. Fig. 5 shows the final arrangement for obtaining the dynamic response considering both the slow and the fast states. The eigenvalue sensitivity of the reduced model with respect to the neglected parasitics is determined using (11) , where u i and v i are the eigenvectors of A s and of its transpose A s , respectively [42] . The small positive scalar ε is the ratio of speeds of slow and fast modes
Equation (11) gives the actual sensitivity of the eigenvalues of the full-order matrix, which remain finite as ε → 0. This also represents the change in eigenvalues when, instead of 0, ε takes a small positive value.
VI. EXPERIMENTAL RESULTS

A. Setup and Parameters
For the grid-tied system, a set of linearization points is 
For the islanded system, the linearization points are mentioned in [40] . To justify our assumption that the system is stable for any set points (within the inverter ratings), different linearization points are considered and used for building the system matrices. The state-space model is found stable in all cases.
To validate the small-signal model, the dynamic response is compared against those of a simulation and experiment in hardware. An average model of the proposed system is simulated in PLECS. This average model is perturbed using a step change in the input. In hardware implementation, a Texas Instrument's TMS320F28335 digital signal processor is used to apply the control system to a 10-kW inverter built around an Infineon BSM30GP60 IGBT module. A dc source is connected directly to the dc link and the three-phase outputs are connected to the inverter bus. The switching scheme is at a frequency of 10 kHz. The experimental results collected correspond to the actual values in the DSP, which are logged in real time. Fig. 6 shows the experimental setup including sensors, circuit board, and the output filter. The LCL filter design and the selection of the passive damping resistor are described in [40] . 
B. Grid-Tied System
The accuracy of the reduced-order model is verified using the results obtained from the full-order model and the hardware testbed. Some of the results of interest are presented in Fig. 7 . Experimental results are gathered from the DSP as dq-axis quantities. Since the small-signal model is based on the averaged model of the system, high-frequency switching noise is absent from the results obtained using the models. The dynamics obtained from the small-signal model match with that of the experimental results. In this case, the initial steady-state condition corresponds to both active and reactive power commands of zero, i.e., the inverter is synchronized to the grid and delivering zero power. A step change in the power commands 1000 W and 500 Var, shifts the system to a new set of steadystate operating points following a brief transient period. This is shown in Fig. 11(a) and (b) . The results obtained from the full-order model and the reduced-order model overlap in all the graphs. Although the results are obtained with a grid voltage of 60 V LN , the small-signal models are equally applicable to 120 V LN voltage levels commonly used at the distribution side of a power system.
Results acquired from the experimental testbed and the simulation model indicate that the reduced-order model approximates the original model well. However, the fast states show some error in predicting the overshoots and the undershoots, which are shown in Fig. 7(c)-(h) . This error that is caused as the fast dynamics are overlooked in the reduced model. Although the singular perturbation method reduced the full model's order by 46.67%, the reduced model still provided a good approximation for transient analysis. Different linearization points are used for evaluating the system matrices and similar results are obtained from the reduced-order models. The model reduction techniques are independent of the choice of operating points for the example system. Once the accuracy of the model is verified, the model is now ready to be used in a larger microgrid system. An IEEE-37 node distribution test feeder is selected as a sample microgrid system. The standard IEEE-37 bus is modified by adding seven inverters in seven different nodes. Details of the modified system including the load and line parameters are given in [22] . The modified system's one-line diagram is shown in Fig. 8 . The inverters connected to buses 15, 18, 22, 24, 29, 33 , and 34 are indicated by the larger circles.
The mathematical model describing the overall system's dynamics is of 225th order, whereas the reduced-order model is of 56th order. The full-order system includes the distribution lines and the loads. The equations for those are found from [40] . The loads and the distribution lines are also the fast states of the system. As a result, a large number of states are treated as fast states in this system.
For the proposed IEEE-37 bus system, the simulation time required by the reduced model (9.91s) is much less compared to that of the full-order system. The full-order model takes in excess of 48 h to simulate. The time measurements are done using ode45 solver with both maximum step size and relative tolerance of 1 × 10 −3 . The Simulink profiler's time measurement's precision was 30 ns using a CPU clock speed of 3 GHz.
Results plotted in Fig. 9 verify the accuracy of the reduced model. A step change in the active and reactive power commands in all seven DERs are observed at 0.5 and 1s. This represents the worst possible scenario when the system is perturbed by all the inverters simultaneously. Output power dynamics of the inverters are preserved accurately in the reduced-order model. As before, the reduced-order dynamics suffer from the loss of fast states; as a result, the overshoots and undershoots seem more damped compared to that of the full-order model.
C. Islanded System
The model order reduction algorithm is applied to the proposed two-bus islanded microgrid system. The reduced-order system has only 15 differential equations as compared to 36 differential equations for its full-order counterpart. This is a reduction of 58.33% of the original state equations. The dynamics of the reduced-order system are verified against the dynamics of the full-order system. This is done by switching between two state matrices that correspond to two different load setups within the system. The eigenvalues of the reduced-order state matrix, "A 1s " and the eigenvalue sensitivities of the slow system with respect to ε are evaluated. These are presented in Table V . A large condition number measures the absolute sensitivity of an eigenvalue with respect to absolute normwise perturbation of the matrix. Condition numbers listed in Table V are obtained from "A 1s ." The inverter output powers and the states from the current controllers are more sensitive to perturbation than other slow states in the system. This shows that the method developed in [22] is not generic and cannot be applied to a system such as the one proposed in this paper.
A stability analysis on the reduced-order matrices, "A 1s " and "A 2s " proves the proposed system's quadratically stable nature. There exists a common quadratic Lyapunov function for this system with a quadratic decay rate of −4.4731.
The transient response plots in Fig. 10 compare the accuracy of the reduced-order model and the full-order model with the experimental results. Both the active and the reactive power variation plots are generated from the slow states as shown in Fig. 10(a) and (b) . In contrast, plots for the LCL filter's voltage and current dynamics are generated by the fast states. The system is perturbed at 1.885s by adding an resistive-inductive (RL) load parallel to the initial load at bus 1. Dynamic responses obtained from the full-scale model overlapped with those obtained from the reducedorder model. As depicted in Fig. 11 , the fast dynamics in both the v od and the v oq creates a spike during the transient period. The effects of the fast states disappeared in the reduced-order model. As a result, these fast-decaying spikes are absent from the graphs once the reduced-order model is simulated.
Three different solvers (in MATLAB/Simulink) are used to conduct a simulation time comparison between the fullorder model and the reduced-order model. The results from the comparison verify that the reduced system accelerates the simulation speed. The ode45 solver option offers 4th-order medium accuracy using Runge-Kutta method for solving a set of differential equations numerically [43] , [44] . This algorithm uses variable step size, i.e., algorithm increases the step size when the solution varies less. This method is intended to be used for non-stiff differential equations and works better than other methods for such (nonstiff) systems. However, both ode15s and ode23s provide better simulation speed for stiff systems, the latter being less accurate than the former. These methods are useful once ode45 fails to provide a reasonable computational time during integration. These solvers are applied with both maximum step size and relative tolerance of 1 × 10 −3 . In all cases, the Simulink profiler's time measurement's precision is 30 ns using a CPU clock speed of 3 GHz. The two-bus simulation is extended for multibus systems. Full-order state matrices are derived for these systems. Reduced-order state matrices are generated using the algorithm provided in Section VI. The plots in Fig. 12 are obtained for 2, 3, 4 , 5, 7, and 10 buses within the system. In all cases, load perturbation occurs at bus 1 with the same values of RL load. Similar controller gains, loads, and line parameters are used during system simulation and mathematical model building procedure.
Application of the model reduction algorithm converts the system from a stiff type to a nonstiff type. This conversion allows the use of ode45 solver for solving the slow-state equations. the simulation time needed by ode45 to solve the reduced-order model is comparable to the time needed by other solvers. When ode15s is used, the simulation time difference between the full-order model and the reduced-order model increased, as more buses are added to the system. However, when the ode23s is used, the simulation time needed by both the full-order models and the reduced-order models is much higher than that needed by the ode15s.
The reduced models are then used in a multibus system. An example of such multibus system is IEEE-37 node distribution test feeder. The IEEE-37 bus is modified for islanded microgrid application. The system load and line parameters are given in [22] . There are seven inverters at seven different buses as shown in Fig. 8 . The overall system dynamics (in the small signal sense) is obtained using the model reduction algorithm developed in this paper. The plot of the active and reactive power changes due to a step change in the load at 3s is depicted in Fig. 13 .
D. Transition Period
The reduced-order models (both grid-tied and islanded) obtained for the modified IEEE-37 bus test microgrid system are useful to predict the dynamics during microgrid's transition from the grid-connected mode to the islanded mode. During this transition, the inverter controllers switch from one operating mode to another. To simulate the effect of this transition, the small-signal models are arranged similar to the switched autonomous system in (6) . The dynamics during microgrid transition are plotted in Fig. 14 . Before the transition occurs, the inverters were supplying 5 kW and 1 kVar to the system. As soon as the transition takes place, the DER controllers switch to the droop mode and the inverters share loads of the islanded system. Once the system switches from the grid-tied to the islanded mode, the dynamics follow the islanded state matrix. As a result, the transition dynamics matches with that of the islanded system dynamics.
VII. CONCLUSION
A reduced-order small-signal model of the inverter-based microgrid is derived. The full-order grid-tied system consists of 15 states. The full-order islanded system consists of 36 states. This microgrid system is reduced applying the singular perturbation algorithm. The reduced-order model is compared and its accuracy is assessed using experimental results. The model is then applied to a multibus bus microgrid system. A modified IEEE-37 node distribution test feeder is used for this purpose. It is observed that the reduced model can predict the power injection at different buses. A slight difference in predicting the overshoots and undershoots are because of the loss of the fast states from the model. The reduced-order model eliminates the issue with the "stiff" solver type and runs much faster than the full-order model when simulated. The reduced-order systems become nonstiff meaning that they are ideal for simulation using ode45 solver type, which has better accuracy compared to ode15s or ode23s. The grid-tied microgrid model and the islanded microgrid model are integrated to predict the grid-tied to islanded transition dynamics.
APPENDIX
A. Singular Perturbation Theory
The nonlinear equations that capture the system dynamics are expressed in terms of the slow dynamic variables (x) and the fast dynamic variables (z). With the presence of the system input variable vector u, and the small model parameter ε, where ε = diag{ε 1 , ε 2 , . . ., ε m }, the slow subsystem and the fast subsystem areẋ
The small-signal model of the system iṡ
Here, the system state matrix is A = A 11 A 12 A 21 A 22 ∈ n×n , the input matrix is B = B 1 B 2 ∈ n×m , and the output matrix
The feed-through matrix is D ∈ p×m . The transfer function of the original system is
The expected rth-order reduced-order system (r < n) is
The interaction of fast and slow phenomena in highorder systems results in "stiff" numerical problems, which require expensive integration routines. The singular perturbation approach alleviates both dimensionality and stiffness difficulties [6] . It lowers the model order by first neglecting the "fast" phenomena. It then improves the approximation by reducing their effect as "boundary layer" corrections calculated in separate time scales. A very small perturbation parameter ε (0 < ε 1) is associated with the fast states, signifying the fact that their elimination has little effect on the dynamics.
In the singular perturbation technique, residues from the less important states are substituted in the important states. This substitution results in a better approximation at steady state, meaning that the dc gain of the reduced-order model is approximately the same as that of the full-order system.
As ε → 0, the quasi-steady-state (QSS) solution obtained from (14b) is
Substituting z in (14a) provides us with the reduced-order model
(18b) Thus, the new reduced-order system is given by (16) . The modification of the feed-through matrix to D r ensures that the gain of the reduced system matches the gain of the high-order system at low frequency [45] .
B. Nonlinear Equations of the Grid-Tied System
1) Average Power Calculation:
The dq-axis output voltage and current measurements are used to calculate the instantaneous active and reactive powers generated by the inverter
Instantaneous powers are then passed through low-pass filters with corner frequency ω c to obtain the average output power
2) PLL: The PLL presented in this paper is the same as that one presented in [40] . There are three states governing PLL dynamicsv 3) Power Controller: Two PI controllers (Fig. 15) are used in the power controller block. The set points are the commanded active and reactive powerṡ
4) Current Controllers:
The current controllers consist of another set of PI controllers [40] 
5) LC Filter and Coupling Inductor:
The state equations governing the filter dynamics presented in [40] arė
6) Reference Frame Transformation:
The DER state equations are derived in terms of the local reference frame. The main grid is assumed to be in the global reference frame. A transformation is necessary to translate into values defined in the local reference frame to the global reference frame and vice versa. An application of this transformation is shown graphically in Fig. 16 . The difference in subscript capitalization denotes whether the quantity is defined in the local or global reference frame
where θ is the difference between the global reference phase and the local reference phase as depicted in Fig. 17 .
C. Nonlinear Equations of the Islanded System
Most of the equations developed earlier, (19) through (25) and (28) through (37), are valid for the islanded system as well. 
v oq * = V oq,n − nQ (39)
The inverter reference angle at bus 1 is set as the reference for the rest of the system usinġ δ 1 = ω PLL,1 − ω PLL,1 = 0 (42)
Finally, using the virtual resistor method and the reference frame transformation theory (as in Fig. 18 ), the input bus voltages are replaced using the states as follows:
v bD,i = r n (i oD,i + i lineD,i − i loadD,i ) (44) v bQ,i = r n (i oQ,i + i lineQ,i − i loadQ,i ) . 
